We present a simplified version of a repeater protocol in a cold neutral-atom ensemble with Rydberg excitations optimized for two-node entanglement generation and describe a protocol for quantum teleportation. Our proposal draws from previous proposals [Zhao, et al., Phys. Rev. A 81, 052329 (2010)] and [Han, et al. Phys. Rev. A 81, 052311 (2010)] who described efficient and robust protocols for long-distance entanglement with many nodes. Using realistic experimental values we predict an entanglement generation rate of ∼ 25 Hz and teleportation rate of ∼ 5 Hz. Our predicted rates match the current state of the art experiments for entanglement generation and teleportation between quantum memories. With improved efficiencies we predict entanglement generation and teleportation rates of ∼7.8 kHz and ∼3.6 kHz respectively, representing a two order of magnitude improvement over the currently realized values. Cold-atom ensembles with Rydberg excitations are promising candidates for repeater nodes because collective effects in the ensemble can be used to deterministically generate a long-lived ground state memory which may be efficiently mapped onto a directionally emitted single photon.
INTRODUCTION
Quantum repeaters can be used to entangle remote quantum memories by interfering flying qubits that are in turn entangled with the memories [1] . Networks of quantum repeaters are capable of extending the distance of quantum communication beyond what is capable in purely photonic systems by dividing the communication channel into smaller segments with a quantum memory at each node [2] . In addition, a network of quantum memories could be enabled with a quantum register of multiple memories at each node for logical operations and error correction [3] . This type of quantum network could realize applications such as cluster state generation [4] , distributed quantum computation [5] , and entanglement enhanced measurement [6, 7] . In order for the entanglement to be distributed to remote sites, it is desirable for the nodes of a network to include long-lived quantum memories entangled with photonic flying qubits for longdistance communication. Quantum teleportation [8] is a vital protocol to realize on such quantum networks because it allows the transmission of an unknown quantum state from one node to another while still adhering to the no-cloning theorem [9] .
In this paper we present a protocol for teleportation between quantum repeater nodes based on Rydberg excitations in neutral atom ensembles. We describe the protocol in detail and examine the performance of entanglement generation and teleportation protocols for twonodes. The photon collection is enhanced by using collective effects in the ensemble for directional photon emission. The fidelity of each step in a many step protocol can limit the success rate of the protocol. The use of Rydberg blockade allows us to improve the fidelity of each step, particularly the memory generation step, over processes that rely solely on spontaneous emission. The entanglement generation protocol we use is a modified version of that proposed in the previous work of Zhao et al. [10] . The optimization for our two-node protocol minimizes the number of steps and ground states needed which in principle improves the probability of success, reduces the time needed for the protocol and improves the state fidelities. Our two-node optimization comes at the expense of the many-node scaling characteristics of the previously proposed protocols. We compare our protocol with those of [10] and [11] and find that a simplified protocol can be advantageous for two node protocols because it has less experimental overehead at each node and higher rates for small rapid networking of small numbers of nodes.
Using experimental values that have been achieved in similar systems, we predict that entanglement generation and teleportation rates of ∼25 Hz and ∼5 Hz are possible. If technology such as pulse shaping, three dimensional optical lattices, or the use of optical cavities is used, it is reasonable to predict that one could achieve experimental efficiencies that lead to entanglement generation rates as high as ∼7.8 kHz with corresponding teleportation rates ∼3.6 kHz. This would represent asignificant improvement over the highest currently achieved rates for two-node protocols with memory [12, 13] .
Teleportation between matter nodes has been realized in ions [14] , neutral atoms [15] and most recently in NV centers [16] . These examples rely on spontaneous emission from an excited state to generate the memory state. Because of a combination of probabilistic memory gener-ation and low photon collection efficiency, teleportation between quantum memories has generally had low rates, on the order of one every few minutes. Approaches to achieving Hz-level rates have included custom high numerical aperture collection lenses [12] or placing the quantum memory in an optical cavities [13] .
Photonic systems can also be used for quantum teleportation [17, 18] , and secure quantum key distribution protocols [19] . Photonic systems could realize applications in quantum communication and computation with cluster states through one-way measurement-based computation [20, 21] . However, purely photonic systems may be limited because of the difficulties associated with the distance limitation from exponential photon loss in an optical fiber and the incorporation of information processing of multiple qubits at each node. A quantum network enabled with quantum memories addresses both of these difficulties.
The paper is structured as follows. First, neutral atom based quantum repeaters are introduced in Section I. The process for producing ground state memories entangled with directionally emitted photons is detailed in Section II. In Section III we discuss the proposed system for experimental realization. In Section IV we show a simplified version of the protocol for generating entangled flying qubits based on the protocols in Zhao et al. [10] . In Section V we show how the entanglement can be generated between remote memory pairs. In Section VI we demonstrate a theoretical protocol for quantum teleportation within this framework. In Section VII we analyze the entanglement generation and teleportation rates for two node protocols in this system. Finally, in Section VIII we analyze a model for the many node entanglement generation and teleportation rates.
I. NEUTRAL ATOM BASED QUANTUM REPEATERS
The Duan, Lukin, Cirac, and Zoller (DLCZ) proposal [22] theoretically described a realizable repeater protocol based on directional single-photon emission from a neutral atom ensemble that relies only on linear optics. The DLCZ protocol uses weak laser beams to probabilistically excite a single spin-wave in an ensemble. The spin-wave serves as the quantum memory and can be read out with a subsequent strong pulse. A phase matching condition, similar to that in four-wave mixing, provides a collective enhancement in the photon emission direction and ensures that the single photons can be efficiently captured. However, in order to reduce two-photon errors, the probability of exciting a single spin wave quantum memory and generating the heralding photon, or the 'write' photon, must be kept to ∼ 10 −3 or lower, leading to low rates of entanglement generation [2, 23, 24] In contrast, for the case of neutral atoms, the Rydberg blockade mechanism offers a route to improve these rates by generating the quantum memory deterministically [25, 26] . Rydberg excitations in ensembles can utilize collective enhancement from phase matching, similar to the DLCZ scheme, to ensure efficient collection of a single photon entangled with a quantum memory. This can in principle increase the rate of successfully generating a quantum memory as compared to the DLCZ protocol by three orders of magnitude.
Entanglement between a collective Rydberg excitation and a single photon was demonstrated experimentally in Li et al. [27] . The single photon was entangled with a quantum memory by using a partial readout of the Rydberg level. However, using the Rydberg level as the memory limits the lifetime to a few tens of µs.
To improve the memory lifetime, the Rydberg excitation can be shelved in a long-lived atomic ground state. Shelving single collective excitations into ground states via Rydberg states was experimentally demonstrated by [28] with lifetimes as long as a few ms [29] . To increase the coherence time of Zeeman state memories, it may be possible to adapt methods that have been used to increase the coherence times of ground state memories to several seconds [30] . Extraction of a single photon entangled with a long-lived ground-state quantum memory via the Rydberg blockade mechanism has not yet been realized experimentally.
The Rydberg blockade mechanism can also be used to perform two-qubit gates, which are a critical component of the entangling and teleportation protocols described below. A two-qubit gate using Rydberg blockade between two neutral atoms has been demonstrated experimentally [31] . In addition, Rydberg blockade between two ensembles has been demonstrated [29] . The ability to efficiently perform deterministic gates between local qubits can allow for advanced protocols such as error correction.
Zhao et al. [10] and Han et al. [11] developed protocols for quantum repeaters using cold atom ensembles with Rydberg excitations that have favorable scaling to long distances and many nodes. In these protocols, the memories are deterministically generated via Rydberg blockade. Multiple memories are stored by coherently driving single excitations to different Zeeman ground states. Gates are performed between the multiple memories using Rydberg blockade. Entanglement is generated between remote pairs of nodes through photon interference. In addition to the memory generation, Rydberg blockade is used for deterministic entanglement swapping through local Rydberg interactions rather than photon interference and detection, which is typically probabilistic and of low efficiency. A separate proposal includes coupling the atomic ensembles to optical cavities to make use of the high efficiency photon absorption in a cavity in order to generate remote entanglement without the need for photon detection [32] .
Because of their potentially high rates of communication and information processing capabilities, quantum repeater nodes based on neutral atom ensembles with Rydberg excitations have the potential to enable large-scale quantum networks. Our work aims to simplify these protocols for small numbers of nodes and flesh out the details in order to pave the way for initial experimental demonstrations.
II. SINGLE PHOTON STORAGE AND READOUT
Here we examine the process of writing a single quantum memory and efficiently mapping it onto a photon mode. Consider a simplified atomic structure as in Fig. 1 (a) with two 87 Rb ground states |g and |u , an excited state |e which, for example, could be in the P 3/2 , F = 2 manifold, and a high lying Rydberg level |R . The atoms are initially optically pumped into the |g state which serves as the reservoir state where most atoms will remain. We couple the ground states to |R with a twophoton processes through the intermediate excited state |e , as shown in the the energy-level diagram in Fig. 1 . For a two-photon transition, detuning from the intermediate state ensures minimal population is transferred to |e during the process and two-photon resonance ensures that the state is transferred with high fidelity.
Due to the large interactions between Rydberg states, the presence of one Rydberg excitation will shift the Rydberg energy levels of near-by atoms out of resonance with the excitation beams. This ensures that only one excitation occurs within a Rydberg radius, r b . This radius depends on the target Rydberg states and the linewidth of the excitation laser. If the trapped atomic ensemble has a diameter smaller than r b and the excitation beams are significantly larger than the atomic ensemble, then the excitation beams interact with all atoms with equal strength and the ensemble can contain only one Rydberg excitation.
When a two-photon π-pulse is applied, i.e. k 1 and k 2 in Fig. 1 (a) we assume that each atom has an equal probability of being excited, as is discussed in Section III. The resulting state is an equal superposition of one atom in the excited Rydberg state with the remaining atoms in the reservoir state |g . The collective state of the ensemble is a |W state and has the form given in Eq. (1).
Where N is the total number of atoms within r b . The phase, φ j , is determined by the wave vectors of the excitation laser beam and the position of the atom, i.e.
Because the excitation is shared across the atoms, the state is robust against atom loss and the effective Rabi frequency of the two-photon transition between |g and |R is enhanced by a factor of √ N compared to the singleatom Rabi frequency [25, 26] . Importantly, when generated with the Rydberg blockade mechanism there is no vacuum component in the produced |W state, and therefore it can be prepared deterministically. In addition, the two-photon component depends on the detuning from the Rydberg blockade shifted state, which can be made to lead to low twophoton errors [2] . This is in contrast to a |W state generated by the DLCZ protocol which produces a state that is mostly in the vacuum state, that is, almost all of the atoms remain in |g with no photonic component. Because of this, the memory generation must be heralded with a success probability in each shot being generally p ∼ 10 −3 . The undesired two-photon component scales as p 2 which can limit attempts to increase the rate of memory generation.
In the remainder of the paper, we will use a simplified notation where a bold-face letter, such as in, |x , represents a collective excitation in state |x that is in the form:
Where 'x' is any of the singly excited states (e.g. u, e, R, etc.). In order to ensure that the quantum memories do not de-phase during a storage time, it is desirable to transfer the single excitation from the Rydberg level, which has a relatively fast dephasing time, into a long-lived memory ground state |u , as in Fig. 1 . This is done by applying another two-photon π-pulse from |R to |u through |e , i.e. steps k 3 and k 4 in Fig. 1 (a) . The pulse sequence to generate a single memory state is shown in Fig. 1 (a) . At this point, the atomic ensemble is in the memory state |u , (i.e. a collective excitation of the form in Eq. (2)), with a phase φ j = (
This process has recently been used to generate a Fock state of atoms by Ebert et al. [28] .
To read the memory out photonically, we first apply a single-atom two-photon π-pulse from |u to |R , steps k 5 and k 6 in Fig. 1 (b) . This is followed by applying strong blue light nearly resonant with the |R to |e transition, k 7 . The state |e quickly decays to the ground state. The amplitude of emission into a given spatial mode with associated wave vector k e , is given by the condition:
Where
In general, the spontaneous emission will be into 4π, but emission into an arbitrary k will result in the amplitude in Eq. (3) averaging to 1. In the particular case when the emitted photon k e brings the excitation back to the reservoir state and k e = k tot , the exponent in Eq. (3) is equal to zero, and the amplitude averages to N [26] . This amounts to an enhancement of the spontaneous emission into a particular spatial mode, determined by the geometry of the pulses culminating in k tot . Emission into the phase matched direction constructively interferes, while emission in an arbitrary direction destructively interferes [33] . In the presence of additional ground states, |e decays preferentially to the reservoir state with an enhancement factor of N [34] .
The process depicted in Fig. 1 of memory generation and photon retrieval can be viewed as an eight-wave mixing process analogous to viewing the DLCZ process as a coherent time-delayed four-wave mixing. This enhances the single-photon collection efficiency from the quantum memory.
Thus, the Rydberg blockade mechanism in an atomic ensemble can be used as a high-efficiency source of directionally emitted photons as was originally theoretically proposed by Lukin et al. [25] and Saffman et al. [26] . Collectively enhanced spontaneous emission of a single photon from a Rydberg media was demonstrated by Li et al. [27] .
Alternatively, one could read out the memory by exciting from |u directly to |e giving an effective six-wave mixing to extract a directional photon. However, in this case, the strong beam would be at nearly the same wavelength as the single-photon, whereas in the eight-wave mixing case, the strong de-excitation beam has a very large spectral difference from the single-photon (i.e. 480 nm vs. 780 nm in the case of 87 Rb). Though filtering schemes have allowed for good readout for certain single-atom states [35] , our approach allows us the versatility to store multiple memories within one ensemble, hence necessitating more optical beams. The advantage for filtering the single-photon signal from the read pulse will likely outweigh the simplification of applying fewer beams, yet this remains a possibility to explore.
III. EXPERIMENTAL REALIZATION
We briefly discuss an experimental realization of these protocols using a laser cooled ensemble of 87 Rb atoms. The relevant energy diagram of 87 Rb is given Fig. 2 . The degeneracy of the hyperfine levels is lifted by applying a magnetic field of ∼ 0.5 mT which splits the ground states by ∼ 3.5 MHz.
We use a Rydberg level of n ∼90 which has been shown to have a lifetime of around 30 µs and ∼10 MHz Rydberg blockade shift at a distance of 10 µm with excitation laser linewidths on the order of a few kHz [36] . Hence we use 10 µm as r b . Two-photon Rabi frequencies to n∼90 Rydberg levels on the order of 1 MHz have been demonstrated with inferred fidelities of nearly 0.9 [29] . The Rabi-frequency must be large enough to insure that operations can take place faster than the dephasing of the Rydberg levels.
Multiple memories can be stored in the different Zeeman sublevels shown in Fig. 2 . For the entanglement generation protocol, we will use two ground-states, |u and |d for the quantum memory and a reservoir state |g . If beneficial for a particular protocol, the assignment of memory states and reservoir state could be changed. The states |u t and |d t will be used in Section VI. The Zeeman-state coherence can be one limit to the memory lifetime. Maintaining control at the few percent level of a few mT magnetic field would still allow for ∼ 100 µs lifetime, which would be sufficient to link nodes at a distance of ∼ 20 km.
The memory states |u and |d are coupled to independently addressable Rydberg levels, |R u and |R d , through different intermediate excited states |e u and |e d . Photons emitted by a state decaying from |e u or |e d to |g will have orthogonal circular polarizations, σ + or σ − , respectively. These polarizations can be mapped onto the desired polarizations |V or |H with quarter wave-plates.
The 87 Rb atoms will be collected in a magneto-optical trap (MOT) and then loaded into a crossed optical dipole trap. If the optical trap has a diameter smaller than r b , and the excitation beams have waists larger than r b we can ensure that the beams interact only with the atoms within one r b , and that all atoms have the about same interaction strength with the excitation beams, see Fig. 3 . We assume that the MOT temperatures is cold enough that it does not limit the memory lifetime. The mem- . Light emitted when a state decays from the excited states |eu or |e d to |g will have orthogonally polarized circular polarization, σ + or σ − respectively. The states with subscripts t are used later in the teleportation protocol ory lifetime can be increased by transferring the atoms to a far off-resonant optical lattice at the Rydberg magic wavelength [37] or by using dynamic decoupling techniques [30] . Even without the use of a magic wavelength lattice, memory times of a few ms have been demonstrated in similar systems [29] .
If quantum repeater nodes with Rydberg excitations are incorporated into a large scale fiber network, quantum frequency conversion would need to be used to overcome photon loss in the fiber. Frequency conversion of the rubidium signal in the near infrared (780 nm) to a telecom band (∼ 1324 nm or ∼ 1550 nm) is promising as it can be done with a one-step conversion process. This could be implemented using the atoms as the non-linear device [38] , or preferably, a non-linear crystal waveguide converter [39] .
A full analysis of the potential errors and limiting factors is beyond the scope of this paper, but we list some of the more important ones here. Fluctuation of static electric and magnetic fields can interfere with the Rydberg or ground-state Zeeman levels. Atomic motion or collisions can lead to dephasing which can limit the singlephoton collection efficiency and memory coherence time. Two-photon excitations or dark counts in single photon detectors can lead to erroneous heralding of entanglement generation. AC stark shifts from the trapping laser or excitation beams or off-resonant excitations to Rydberg levels can limit the state preparation fidelity. In a dense atomic sample resonances with molecular Rydberg states can cause de-phasing [40] . In order to mitigate this the atoms can be loaded into a 3D optical lattice to control the inter-atomic spacing, and the principal quantum number and two-photon detuning can be adjusted to avoid the resonances.
IV. GENERATING A FLYING QUBIT ENTANGLED WITH MEMORY
Following the proposals of Zhao et al. [10] and Han et al. [11] , we describe how to prepare an entangled state suitable for quantum communication protocols. In short, we first produce two spin waves into different magnetic sublevels in the ensemble by applying the steps of Fig. 1 (a) twice, produce entanglement between them via a Rydberg blockade gate, and then read the components of that state into orthogonally polarized photons by applying the steps of Fig. 1 (b) twice. The state produced is comprised of two ground state memories entangled to photons of a flying polarization qubit. This structure, sometimes known as 'dual-rail' [41] , does not require interferometric, i.e. on the order of the wavelength, stability along the optical path [2] . Rather it requires the path length to be stable to the level of the photon coherence length, which is much less stringent. The steps to produce this state are summarized in Table I and are detailed in the text, where all states are atomic states as labeled in Fig. 2 and the photonic states have as subscript γ. A graphical depiction is shown in Fig. 4 where the steps correspond to those in Table I .
The ensemble state is initialized in step i. of Table I by optically pumping all atoms to the reservoir state, |g . This can be done with π polarized light if |g is the F = 1, m f = 0 state. The N subscripts in Table I refer to transitions that have an enhanced effective Rabi frequency, all other pulses are for single atoms with single atom Rabi frequencies. All transitions between Rydberg levels and ground states are two-photon transitions.
In step ii. of Table I we apply a two-photon π N -pulse with an enhanced Rabi frequency from |g to a high lying
The atoms are trapped in an optical dipole trap with a waist < r b . The excitation beams (ke u −Ru and ku−e u ), with a waist diameter > r b , are overlapped on a dichroic beam splitter (DBS) and intersect the atoms perpendicularly to the trap. The excitation beams for the |d states (not shown) can be overlapped with the excitation beams for the |u states using polarizing beam splitters. This produces a spherical interaction region (yellow) with a diameter = r b where a single excitation is produced. The single excitation is mapped onto a directionally emitted photon which can be converted into the desired polarization with a λ/4 wave-plate. A second DBS filters the blue excitation light out from the signal photon. The two outgoing photons can be overlapped in time with the use of a PBS and a delay line before being sent to a Bell state measurement Step Pulse Result i.
Optically pump to (|g )
(n ∼ 90) Rydberg level, to create the state |R d . We use the intermediate excited state F = 2, m f = −1 of the P 3/2 D2 line, i.e. the state |e d . Next we shelve the Rydberg excitation in one of the ground states, F = 1, m f = −1, to produce the state |d , by applying a π pulse from |R d through |e d , step iii. of Table I . Recall that here, and in the rest of the paper, all excited states are single excitation superpositions in the form of Eq. (2). Next we excite a second Rydberg excitation,|R u , step iv of Table I , with a π N pulse from |g which can be addressed independently from |R d because of the frequency difference between |R u and |R d . The state of the ensemble is now given by the product state of two ground state memories as shown at the end of step v. in Table I . The notation, |R u |d ≡ |R u d represents a double sum of product states analogous to Eq. (2) where each term in the sum is a product state of two different atoms in different states. In this way, multiple memories are stored within the same atomic ensemble [42] .
The Rydberg level |R u is coupled to a second ground state memory F = 2, m f = 1, |u . The excitation to |u uses a different intermediate excited state, F = 2, m f = 1 of the P 3/2 D2 line, |e u .
To produce an entangled state, in step v. of Table I we apply a π/2 pulse from |R u to |u producing the superposition, see Fig. 2 :
This is followed by a π-pulse from |d to |R d , step vi. of Table I . Though |R u and |R d are different, they still experience strong interactions and Rydberg blockade one another. In the |u |d component |d is transferred to |R d , whereas in the |R u |d component, blockade between the Rydberg levels |R u and |R d shifts the |R d state out of resonance, and the component is unchanged. The resulting state at the end of step vi. in Table I is given by: Table I using the state identified in Fig. 2 . Optical pumping in step i) is followed by a series of π-pulses (solid lines) and π/2-pulses (dashed lines) in order to prepare a memory qubit entangled with a flying photonic qubit.
This is an entangled state between two Rydberg excitations and two ground state excitations in the same ensemble. Next, a partial readout maps the components of the qubit into a photonic qubit. To map the excitation in |R d to a photon, we apply a strong blue beam nearly resonant with the transition from |R d to |e d , see step vii. of Table I and Fig. 2 . This intermediate excited state quickly decays to the reservoir state and preferentially scatters into the spatial mode set by the phase matching condition for the eight-wave mixing process as discussed previously in relation to Eq. (3). This is followed by mapping the |R u state onto a photon with a beam nearly resonant with the |R u to |e u transition, step viii. of Table I . The two memories could potentially be read simultaneously, which would reduce the time it takes to perform the atomic protocol, though not the probability of successfully reading out the state, as discussed in Section VII.
Alternatively the qubits could be read sequentially, in which case the time-bin qubit can be mapped onto a polarization qubit by delaying the first with a delay line, such as a long optical fiber and then overlapping it with the second photon, as shown in Fig. 3 . A fiber delay of a few hundred meters will be sufficient to overlap the two photons but will not significantly contribute to the distance the photon must travel in a fiber to entangle two nodes located several ∼ km apart.
The photons read from |u and |d have orthogonal circular polarization and we have arrived at the end of step ix. of Table I . As shown in Fig. 4 , using a λ/4 wave-plate, we rotate the |σ − γ and |σ + γ photons into horizontal and vertical polarization respectively, which we label |H γ and |V γ to obtain the state:
Here we have a maximally entangled state between a flying photonic polarization qubit and long-lived ground state memories. Importantly, because the two photons are emitted with orthogonal polarizations and the single photon is emitted hundreds of nm detuned from the deexcitation beam it should be possible to implement this protocol with all beams on a single axis combined with dichroic beam splitters and polarizing beam splitters as shown in Fig. 3 . The dichroic beam splitter downstream from the ensemble filters the de-excitation beam from the signal photon. Additional filters will likely be needed to fully attenuate the de-excitation beam from the single photon signal. This is in contrast to the DLCZ schemes where off-axis collection of the single photon is extremely useful to aid in filtering out the de-excitation beam and the close spectral proximity of the signal to the pump can require spectral filtering [43] . Further, off-axis geometry can limit the memory lifetime [44] . The switch to an on-axis geometry greatly reduces the experimental alignment complexity and should aid in achieving a high memory read-out efficiency.
The state in Eq. 6 is suitable for many quantum communication protocols including repeaters, as described in Section V, or teleportation as described in Section VI.
Our protocol differs from the Zhao et al. [10] proposal by skipping several steps. We read the Rydberg states out directly, whereas they shelve the Rydberg excitations to two additional ground state levels for long-term memory and deterministic on-site entanglement swapping. However, in the case of two-node communication this is unnecessary and we can simply read the state out directly. This enables us to produce entangled flying qubits with fewer steps and use three ground-states instead of five. This reduces experimental complexity for two-node protocols at the expense of the many node scaling of the full protocol, as will be described in the following section.
V. GENERATING REMOTE ENTANGLEMENT
To generate entanglement between two different remote ensembles consider two systems, A and B each prepared in a state in the form of Eq. (6). The resulting 
This state represents a maximally entangled state between two remote long-lived ground state memories and can be used as the base entanglement resource for further protocols.
To use this protocol in a repeater to distribute entanglement we take Eq. 8 as the starting point and iterate the procedure in Table I . This simple model captures several of the features of many-node networks. Fig. 6 shows the sequence of entanglement distribution. First we prepare A and B in the state described by Eq. 8, as seen in step i. of Fig. 6 . Next, system A and B are entangled via a Bell state measurement as described above and depicted in step ii. of Fig. 6 . Then, we simultaneously map the qubit in B onto a photonic qubit and prepare ensemble C in the state 1/ √ 2(|u C |H C γ + |d C |V C γ ). This results in the composite state shown in Eq. 9.
1/2(|u
Next, the flying qubits from system B and C are entangled via a Bell state measurement, step iii. in Fig. 6 . The entanglement between A and B is then transferred to entanglement between A and C, and the result is the long-lived entangled state given in step iv and Eq. 10:
This process can be repeated to continue spreading the entanglement to further nodes as long as the memories in A or any node to which A is entangled do not decohere. This could require the use of high-speed optical switches to ensure that the emitted photons are directed towards the appropriate links.
We note that we could use this type of protocol to perform the nested entanglement generation and entanglement swapping architectures that are characteristic of repeater protocols [1] . For example, to entangle nodes A and D we could first produce the state:
Where we could wait until the entanglement between the pairs AB and CD are both successful. We could swap entanglement by reading out the photons in B and C and entangling them on a Bell state analyzer which would produce the state:
This approach relies on photon detection for the entanglement swapping and does not take advantage of the deterministic entanglement swapping proposed by the earlier protocols. Deterministic entanglement swapping relies on the use of additional ensembles at each node such as the approach in Zhao et al. [10] which would require additional atom traps or makes more use of the multiplexed quantum memory storage in the multiple ground states of an ensemble such as in Han et al. [11] which would require more addressing laser beams. However, since we are more concerned with comparing the performance of entanglement generation and teleportation for two-nodes, we take advantage of the reduction in experimental complexity and analyze the performance of the protocol using one ensemble and a minimum number of ground state levels. The experimental implementation we have described could be adapted to include the deterministic entanglement swapping as described by earlier proposals.
The errors that could arise in this protocol are primarily given by the two-photon errors and the detector dark counts. The two-photon error arises when two Rydberg excitations are produced in one ensemble at the same time. This is dependent on the Rydberg blockade detuning, laser linewidth, and off-resonant coupling strength. If two photons are produced, the additional photon could trigger a detector which would mistakenly herald the creation of an entangled state, and would thus produce an error. Similarly, a dark count would mistakenly herald the creation of a memory when none had actually been created. More detailed analysis of errors in these types of systems are given by Zhao et al. [10] and Han et al. [11] .
VI. TELEPORTATION BETWEEN REMOTE ENSEMBLES
We wish to teleport an unknown quantum state from node A to node B. To do this we need two additional ground states which will store the state that will be teleported. We must also perform qubit rotations which could be done with a Raman transition between Zeeman sublevels [46] . We choose the F = 2, m f = −1 and F = 1, m f = 1 ground states as the qubit encoding the state to be teleported, see Fig. 2 . These states will be used to produce the states |u t and |d t . This 'target' qubit pair is only used at node A, not at node B.
The |u t and |d t states share the intermediate excited states and Rydberg levels associated with the |d and |u states respectively. Making this choice allows us to access all the necessary states while minimizing the number of Rydberg excitations, reducing experimental complexity. Because two-qubit gate operations only occur between the original pairs or the target pairs, re-using the Rydberg states for the target pairs will not compromise the protocol even though the initial qubit at node A and the target qubit are physically located in the same ensemble of atoms.
The two remote ensembles are initially prepared in the state in Eq. 8. We establish entanglement by using the steps described in Section IV and Section V. This generates the entanglement resource shared between two re-mote ensembles. Next, we produce the target state by exciting a spin wave in ensemble A to the state |u t analogously to how we produced the state |u . This results in the state 1/
. This is followed by an off-resonant two-photon Raman transition from |u t to |d t through an intermediate excited state F = 2, m F = 0, |e g . The Raman pulse can be chosen to give any arbitrary rotation, resulting in the state α |u t + β |d t . The energy levels used in the teleportation protocol are shown in Fig. 2 , but the beams are not.
After generating entanglement between the two systems and producing the target state, the wave-function of the system is described by:
The steps to perform teleportation between nodes A and B are summarized in Table II . The notation is simplified by identifying the first, second, and third elements in a ket as belonging to the 'target' qubit, the initial A qubit, and the B qubit respectively. After the initial state, we transfer the components of the target state that are in |u t to the Rydberg state |R d with a two-photon π-pulse, step ii. in Table II . This effectively blocks any transitions in the α component of the wave-function until the end of the protocol. Subsequent operations only affect components in the β component of the wave-function.
Next, in step iii of Table II , we perform a π/2 pulse between |u A and |d A with an off-resonant two-photon Raman transition. This transfers |u A to 1/ √ 2(|u A + |d A ) and |d A to 1/ √ 2(|u A − |d A ). In step iv. of Table II we apply a 2π pulse from |u A to |R u . Again, since the α component of the state already contains a Rydberg excitation, any state transfer on these states is prohibited by Rydberg blockade. In the β component, the state |u A receives a π phase shift, i.e. it acquires a negative sign.
Next, in step v. in Table II , we perform another π/2 rotation between |u A and |d A . This results in the A qubit on the β component swapped with respect to the initial state. Finally, in step vi. of Table II , the state |R d is rotated back to |u t , which acquires a π phase shift because it has accumulated a 2π rotation. The result is the final state in Table II which has an overall π phase shift removed. Table II essentially performs a CNOT gate with the 'target' qubit as the control and the A qubit as the target [31, 47] At the end of Table II , we now rotate the 'target' qubit using a π/2 Raman pulse. If we apply this to the result of Table II and rearrange the terms, the total state of the system is now given by:
From this state it is clear that if the two qubits at A are measured, this projects the state of the B qubit onto one of the terms in Eq. (14) . Once the classical result of the measurement is sent from A to B, then B can perform the appropriate rotation on the state of the qubit in B to produce the initially desired target state α |u + β |d .
VII. TWO NODE RATE ANALYSIS
To estimate the average time required for any protocol to be successful, we compute the sum of the time required for each step of the protocol, t i , divided by the product of probabilities of success for each step, p i :
A quantum network with separated nodes has a roundtrip time of light between the two nodes (2d/c), where d is the optical distance between nodes and c is the speed of light. One factor of d/c accounts for the time of transmission of the flying qubit from one node to the second, and the other d/c accounts for the time it takes the result of the measurement to be transmitted back to the first node as classical information. As the distance between nodes increases the total time of the protocol can become dominated by the round trip time of the light. For example, for a ∼10 km node separation, the time of flight, d/c, is 50 µs in an optical fiber. The round trip travel time of light sets an absolute maximum entanglement generation rate assuming there are no losses and that the atomic protocol is significantly faster than the light travel time. For 10 km the speed of light sets an absolute maximum rate of entanglement generation 10 kHz in an optical fiber.
However, for estimating protocol times for short distance light propagation, we must look in more detail at the time it takes to perform the atomic protocol. The transition from a ground state to a Rydberg state is repeated many times for the protocol. For this estimate we ignore factors of two for π/2 pulses or √ N for the collective enhancement and assume that all of these are given by the rate of a two-photon π-pulse determined by the two-photon Rabi frequency, Ω R . Since a relatively small proportion of the pulses are π/2 pulses or have an Rabi frequency enhanced by √ N , this will not significantly change the result. In similar experimental arrangements to the proposed one, i.e. n = 90 Rydberg levels excited in 87 Rb, two-photon Rabi frequencies as high as 750 kHz were achieved [27, 28] . In order to make calculations simple, we estimate the time of a single operation to be t o = 1µs. A summary of the definitions of the parameters and subscripts used in Sections VII and VIII is given in Table III. Interestingly, a potential source of additional time to perform the atomic protocol is the time it takes the photon to exit the cloud, which depends on the group ve-locity and ensemble size. The group velocity of light in the very similar experimental arrangement, i.e. an electromagnetically-induced-transparency beam configuration using Rydberg excitations in rubidium, has been shown to be in the range of 10 to 30 m/s [48] , which, though very slow for light, will leave the 10 µm blockade radius in 0.1 to 0.3 µs. For this estimate, we take advantage of the comparable time scales and assume the readout time is close enough to the operation time, t o = 1µs. With the simplifications above, we estimate the total time of the protocol to generate entanglement between two nodes with the total number of operations required, n G , and the distance between nodes:
The total number of transitions to and from the Rydberg level and photon readout for the entanglement generation is n G = 7, as read off Table I . Since the two ensembles can be prepared simultaneously, we do not need to include a factor of two in the atomic protocol time. If we assume the nodes are separated by a minimal distance, the time of the atomic protocol n G t o , sets the absolute maximum repetition rate of the experiment to be 140 kHz.
More critical for the average time estimate of Eq. 15 are the success probabilities. The four-photon transitions through a Rydberg level and down to atomic ground states have been performed with a probability of 0.62 [28] . Thus, we estimate the probability of success for a single transition to the Rydberg level to be P R = √ 0.62 = 0.79. Given an atomic density, the photon collection efficiency is estimated by [34] :
An atomic density of n = 5×10 11 cm −3 and r b of 10µm leads to ∼ 2000 atoms within the blockade radius and an optical density (OD) per blockade radius of 3 which predicts a photon collection efficiency of P γ = 0.3. This photon collection efficiency is typical in neutral atom ensemble memories without Rydberg excitations [43] . A photon collection efficiency 11 % has already been achieved for the first attempt of collecting photons from a collective Rydberg excitation in an ensemble [27] which had a comparable atom number within the blockade radius. Shelving a single Rydberg excitation into a long-lived ground state with the higher atom numbers needed for high photon collection efficiency has not yet been experimentally realized. In order to achieve reasonable fidelities, 3D optical lattices can be employed and different principal quantum numbers and detunings can be used to avoid dephasing resonances. In addition, there is no fundamental reason that the collection efficiency from a memory produced via Rydberg excitations would be smaller than from other neutral atom memories. Finally, we have a probability of obtaining a useful Bell state from the Bell state analyzer of P B = 1/2. Thus, we estimate the average time to successfully generate remote entanglement between two nodes as:
The factor (P n G R P 2 γ ) in the denominator is squared because of the fact that both ensembles must produce a flying qubit entangled with the memory. There is one Bell-state measurement. The factor of (n G − 1) appears in the numerator because we have assumed simultaneous readout, whereas the denominator contains n G because simultaneous readout doesn't change the probability of successfully performing the operations. We label the denominator, P G , as the probability of successfully generating entanglement and the numerator, t G as the total time for the atomic protocol and light travel time.
We use values that have been observed in experiments as identified above, P R = 0.79, P γ = 0.3, t o = 1 µs, and P B . We also set d = 0, which allows us to compare with other teleportation protocols over small distances. We calculate the average rate of entanglement generation using Eq. 18 to be 1/T G = 25Hz. This is the same order of magnitude as the highest rates between matter qubits currently reported in ion entanglement at ∼ 5 Hz [12] .
Similarly, we can estimate the total time it takes to successfully perform teleportation by using Eq. 15. We use entanglement generation as the first step in the teleportation protocol. Since the entanglement generation is heralded, if we use the average time to generate entanglement T G given in Eq. 18, we do not need to include the probability P G in the estimate for average teleportation time, as it is included in the estimate of T G .
Thus, the estimate for the average time to successfully teleport a quantum state between two remote nodes is:
Where n T is the total number of operations used for the teleportation protocol, i.e. the steps in Table II , as well as a pulse to project the final state onto the desired state given the result of the Bell-state measurement. For simplicity in this estimate we take n T n G = 7. The time of the teleportation protocol is defined as t T = n T t o + 2d/c. The final state measurement can in principle be done with near unit efficiency with field selective ionization [49] and is not considered for this estimate. The total probability for the steps used in just the teleportation protocol, P T thus does not include any photon collection, which again, was included in the estimate of T G . Using the same values as above for the efficiency parameters, we estimate the rate of successful teleportation events predicted by Eq. 19 to be ∼ 5 Hz. A ∼Hz rate is on the same order as the rate of teleportation achieved with a single-atom coupled to a high-finesse optical cavity [13] whereas typical realizations of teleportation between matter qubits have had rates on the order of one every few minutes [14] [15] [16] .
To improve the rate of entanglement generation, the transition efficiency to the collective states and the photon collection efficiency need to be improved. To see the effect of higher efficiencies on the protocol rates, we estimate the efficiencies that might be achieved with improved technology. One potential for improving the Rydberg transition probability is to use techniques such as the pulse shaping developed by Beterov et al. [50] . In addition, the atoms could instead be loaded into a threedimensional optical lattice in order to fix the separation between pairs of atoms and eliminate their motion. For this estimate, we use an improved Rydberg transition efficiency of P R = 0.9 which is consistent with the theoretical prediction in Ref. [28] for higher atom numbers. To dramatically improve the photon collection efficiency, the ensemble can be coupled to a high finesse optical cavity. Photon collection efficiency as high as 0.84 has been achieved in non-Rydberg ensemble based systems [51] . For this estimate we use a photon collection efficiency of P γ = 0.80. If these efficiencies can be achieved, these improved parameters would predict average rates of success for entanglement generation and teleportation given by Eq. 18 and Eq. 19 to be 7.8 kHz and 3.6 kHz respectively, representing a significant improvement over the current state of the art.
The rate of entanglement generation, i.e. Eq. 19, as a function of n G is plotted for the two different parameter sets mentioned in Fig. 7 (a) . The rate of entanglement generation and teleportation for two-node protocols are compared using the optimistic photon collection efficiency P γ = 0.8, as a function of the Rydberg transition efficiency in Fig. 7 (b) .
To compare to the rate of the Zhao et al. protocol [10] , we note that for two nodes, the only difference is in the preparation of the flying qubit entangled with the quantum memory. In our case, n G = 7 whereas in Zhao et al., n G = 12. As can be seen in Fig. 7 , this results in our protocol having a factor of ∼ 20 higher rate of entanglement generation than the Zhao et al. protocol for the initial efficiency estimate P R = 0.79, and a factor of 5 higher rate for the optimistic efficiency estimate P R = 0.9.
VIII. MANY NODE RATE ANALYSIS
Next, we analyze the rates of these protocols in our model when extended to many equidistant nodes. Since the successful entanglement of two nodes is heralded by the detection of photons as described in Section V, the average time it takes to entangle two nodes can be used with a unity probability of success because we assume the entanglement of two nodes is successful every time the detection of the two photon state is heralded. The total average time to produce entanglement in the n th step, where n is defined as one less than the number of nodes (because entanglement generation and teleportation are not defined for less than two nodes), is given by:
Where n S is the number of additional atomic transitions required to prepare a subsequent flying qubit entangled with the quantum memory for the photonic entanglement swapping step described in Section V. In general n S = n G , as the number of steps to read out a memory that is already created is less than the number of steps required to produce a memory and read it out, but for the sake of simplicity, we will assume that n S n G so that the total probability of successfully extending the entanglement is equal to the probability of generating entanglement between two nodes, i.e. P S = P G , which should be a good estimate for our purposes.
If we set P R = 1 and use the average time to generate entanglement as the time for the first step, i.e. T G [1] = T G , we recover the logical solution of T G [n] = nT G . However, if instead we make the simplifying assumptions that the number of nodes is large and the probability of generating entanglement on a single shot is low, i.e. n 1 and P G < 1, then the solution is given by:
Because the entanglement swapping is not deterministic in this model, the protocols in Zhao et al. [10] and Han et al. [11] , which do have deterministic entanglement swapping, will outperform this one by a factor O(P n G ). The time for entanglement generation with deterministic entanglement swapping can be calculated to be [52] :
Where k level of entanglement purification nesting such that n = 2 k , as before, t G is the time for the entanglement generation protocol, and P G is the probability of a successful entanglement event. Even for three nodes Eq. 22 predicts an estimated improvement in the entanglement generation by a factor of 400 over Eq. 21 for the initial efficiency estimates of P R = 0.79 and P γ = 0.3. For the improved efficiency estimates, P R = 0.90 and P γ = 0.8, the improvement using deterministic entanglement swapping is a factor of 100.
Next we analyze the rate of multi-node teleportation in the two cases shown in Fig. 8 . In the first case entanglement is generated between the first and second node. Then teleportation is performed on the target state to transfer it from the first to the second node. This is FIG. 8: A dashed line represents establishing entanglement between two nodes and a double line represents teleporting a state between two nodes. a) A multi-node teleportation scheme (T) in which the entanglement is first generated between nodes and then the state is teleported. This followed by subsequently entangling nodes and teleporting the state until the final node is reached. b) A multi-node teleportation scheme (T') in which the entanglement is distributed from the first node to the last node by successive entangling operations. After the first and final node are entangled, the state is teleported.
followed by subsequently entangling and teleporting the state down the chain until the target state is teleported to the final node, Fig. 8(a) . The rate can be calculated by assuming we have successfully teleported the state from the first node to the n − 1 node. Then we solve for the intermediate step of generating the shared Bell-pair between the n − 1 and n th nodes with a finite probability P G :
Once this is successfully completed, we perform the teleportation protocol given in Table II :
To solve this, we make the simplifying assumptions that the number of steps is very large, n 1 and P T , P G < 1 so that (P T P G ) n 1 and that the time it takes for teleportation from the first to second node is given by T T from Eq. 19. The solution for large n simplifies to:
Next, we want to analyze the rate of the teleportation scheme shown in Fig. 8(b) . For this scheme, the entanglement is generated from one node to the last node, followed by a single teleportation step. The time it takes to do this is given by Eq. 21. This is followed by a single teleportation step. If we take T G [n] as the first step, and assume that the time for the teleportation protocol is negligible compared to the time of the entanglement generation of all of the nodes, we simply have T T [n] = T G [n]/P T or:
This is significantly faster than the rate of Protocol T T , i.e. Eq. 25, by a factor of (P n T R ) n , and could in fact be improved with a nested entanglement quantum repeater protocol, which is not possible with protocol T T .
If we use the optimistic efficiency estimates, i.e. P R = 0.9 and P γ = 0.8, then Eq. 25 and Eq. 26 predict an average time to teleport a state between three nodes, i.e. from node A to node C, of 145 ms for protocol T T and 34 ms for protocol T T . Protocol T T predicts an average time of 90 s to teleport a state to the 6th node where protocol T T predicts an average time of around one hour.
However, protocol T T , Fig. 8(b) requires that the memory lifetime of the first node to be long enough for the entire protocol to be successful, whereas protocol T T , Fig. 8(a) only requires a memory time long enough to teleport a state between neighboring nodes. In addition, protocol T T is more resource intensive, requiring the 'target' qubit pair used in the teleportation protocol at each node, while the T T protocol only requires the 'target' pair at the initial node.
CONCLUSIONS
Using a multi-mode Rydberg excitation scheme in an atomic ensemble, teleportation between long-lived memory states can achieve high rates. This system has also been shown to be compatible with a large-scale quantum network architecture. We have examined the performance of a quantum repeater node based on coldatom ensembles with Rydberg excitations and theoretically described a teleportation protocol. We analyzed the rates of two-node entanglement generation and teleportation and found that the teleportation rates achievable on realistic systems could approach the kHz level, two orders of magnitude improvement over the current highest achieved rate. This two-node performance can be used as a metric and benchmark for incorporating Rydbergbased cold-atom ensemble quantum repeater nodes into a larger scale network. We also analyzed a model for many node protocols.
It could be possible to spatially multiplex a cold atom ensemble node by addressing several Rydberg radii of atoms along the length of the optical dipole trap or by multi-site trapping of an atomic ensemble on a chip with individual site addressing technology [53] . The technology for coherent control of Rydberg atoms on a chip, though challenging, is currently being pursued by several groups [54, 55] where it might be possible to realize multiRydberg atom trapping on atom chips. These types of multi-plexing could realize larger quantum registers at each node and would enable temporal multiplexing to increase data transmission rates.
The presence of a single Rydberg excitation produces a large non-linearity in the ensemble which can affect other atoms in the ensemble or photons entering the ensemble. This can lead to non-linear effects at the single photon level such as single photon EIT [56] , single photon switches [57, 58] , single photon transistors [59] , and effective photon-photon interactions [60] which have all been experimentally demonstrated. Rydberg excitations in cold atom ensembles promise a rich and viable path towards interesting applications in quantum communication and information.
Because of the potential high rates of entanglement generation and the potential for scalability, quantum repeaters based on neutral atom ensembles with Rydberg excitations are a promising route towards long-distance quantum network.
